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Simulation of DenDrite morphology anD micro-Segregation  
in u-nb alloy During SoliDification

Due to the importance of uranium and uranium alloys to national defence and nuclear industrial applications, it is necessary 
to understand dendrite formation in their solidification structures and to control their microstructures. in this study, a modified 
cellular automaton model was developed to predict 2-D and 3-D equiaxed dendrite growth in u-nb alloys. The model takes into 
account solute diffusion, preferential growth orientation, interface curvature, etc., and the solid fraction increment is calculated us-
ing the local level rule method. using this model, 2-D large-scale and 3-D equiaxed dendrite growth with various crystallographic 
orientations in the u-5.5nb alloy were simulated, and the nb micro-segregation behaviour during solidification was analysed. The 
simulated results showed reasonable agreement with the as-cast microstructure observed experimentally.
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1. introduction

uranium and its alloys are widely used in the national 
defence and nuclear energy engineering fields due to their high 
densities and unique nuclear properties [1-3]. For example, 
adding niobium to uranium is an effective way to improve 
its mechanical properties and corrosion resistance. as is well 
known, the microstructure of a material is the strategic link be-
tween processing and performance, and thus an understanding 
of microstructure solidification is necessary to improve material 
mechanical properties and to design heat treatment processes. 
u-nb alloys have a large solidification temperature range and 
easily form micro-segregations after solidification because the 
diffusion of niobium in uranium is extremely slow [4]. There-
fore, it is of great importance to investigate the formation and 
evolution of related solidification structures.

experimental research on u-nb alloys remains limited 
owing to the associated high costs and radioactive hazards. in 
recent years, modelling and simulations have been widely used 
as powerful tools to aid in the understanding of the fundamentals 
of dendrite morphology and micro-segregation during solidifica-
tion. Various computational models such as cellular automaton 
(Ca) [5-12], Monte Carlo [13], and phase field [14-16], have 
been developed to simulate microstructural evolution during 
the solidification process. among these methods, the Ca model 

is effective for revealing a wide scale range of microstructural 
features and has the advantages of a high calculation efficiency 
and clear physical meaning [10]. Therefore, it is widely used 
in the study of microstructural evolution in many different 
alloys. however, until now, little research has been done on 
microstructural simulations of u-nb alloys because of the lack 
of experimental data. Moreover, although adaptive mesh refine-
ment and parallel computing methods have been proposed to 
improve the computation efficiency, 3-D dendritic morphology 
and large-scale simulations remain a challenge.

in this work, a modified Ca model was developed to 
simulate the formation and evolution of the primary phase in 
the u-5.5nb alloy during the solidification process. using the 
model, 2-D and 3-D equiaxed dendrite growth were simulated, 
and the evolution of nb micro-segregation was investigated. 
experiments were carried out, and the capability of the model 
to describe the microstructural evolution was discussed.

2. model description

The Ca method was used for the simulation. The compu-
tational domain is uniformly discretized into square cells for 
2D simulations or cubic cells for 3D simulations. each cell 
has several variables including temperature (T ), solute content 
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(CS and CL), solid fraction (fS), and crystallographic orientation 
(θ). The cell is characterized by the solid (fS = 1), liquid (fS = 0), 
and S/L interface (0 ˂  fS ˂  1). At the beginning of the simulation, 
each cell is set as a liquid state with the same initial temperature 
and initial concentration. in this model, the dendrite growth pro-
cess of the primary phase was simulated, including nucleation, 
growth, and coarsening of dendrite arms, as well as interactions 
between surrounding dendrites and the solute distribution be-
haviour. The simulation ends when the temperature decreases 
to a point just before occurrence of the binary monotectoid 
transformation. The governing equations used to calculate solid 
fraction, distribution of concentration, growth velocity of the 
S/L interface, and capturing rules are described in detail below.

2.1. nucleation model

a continuous gaussian nucleation distribution model [5] 
was employed in the nucleation process, and the density of 
nucleus n(ΔT) at a given undercooling ΔT is given as follows:
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where ΔT is the undercooling, n(ΔT ) is the nucleus density, 
fSolid (ΔT' ) is the fraction of solid phase, Nmax is the maximum 
nucleus density, ΔTN is the mean nucleation undercooling, ΔTσ 
is the standard deviation of the distribution, and ΔT' is the under-
cooling integral element. The primary phase dendrites is expected 
to nucleate when temperature falls below the liquidus [17]. The 
newly formed nuclei are randomly distributed in the domain, 
and the total grain density can be obtained at any undercooling 
ΔT according to eq. (1) and eq. (2). once the cell is nucleated, 
the index of the cell is changed to “growing” associated with 
a random preferential growth direction θ [10]. The capture pro-
cess for a cell begins only when the cell is selected as primary 
phase nucleus (or totally solidified), it will alter its surrounding 
liquid neighbors into S/L interface state.

2.2. Solute diffusion

as solidification proceeds, the growing dendrites absorb 
solute from neighbouring liquid. The growth process is mainly 
controlled by solute redistribution during solidification, which 
can be described according to the following equation:
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where C and D are the solute concentration and solute diffusion 
coefficient, respectively, subscript i means liquid or solid, and k0 
is the solute partition coefficient. The second term on the right-

hand side is included only at the S/L interface and denotes the 
amount of solute absorbed at the interface. More details about 
the solute field control equations and calculation process can be 
found in reference [8].

2.3. interface growth kinetics

The local interface equilibrium composition and solute 
conservation can be calculated by the following equations:
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where mL is the liquidus slope of the phase diagram, T* is the 
interface temperature, TL is the equilibrium liquidus temperature 
at initial solute composition C0, ΔTR is the curvature undercool-
ing, k0 is the solute partition coefficient, and CL

* and CS
* are the 

equilibrium liquid and solid compositions, respectively.
For three-dimensional dendrite growth, the curvature un-

dercooling ΔSR, can be related to the weighted mean curvature, 
which is expressed as the following [11]:
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where ΔSF is the entropy of melting, κ is the curvature of the 
S/L interface, θ1 and θ2 are the two standard spherical angles 
of the interface normal, n, and γ(n) is the anisotropic surface 
energy function. in order to simplify this expression and allow 
numerical computation, it is assumed that these two principal 
curvatures are equal [18]. The curvature undercooling can be 
approximately given by:
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The function describing the dependence of the surface en-
ergy on the normal direction, n, in the case of cubic symmetry 
is given by [19]:
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where γ0 is the isotropic interfacial energy, ε is the anisotropy 
coefficient, and Γ is the Gibbs-Thomson coefficient. The cal-
culation of ΔTR for two dimensions has been analysed in detail 
by Chen et al. [10].

The curvature for an interface cell with solid fraction fS 
(0 ˂ fS ˂ 1) is calculated by the following expression [20]:
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where fS
i is the solid fraction of the neighbouring cells, Δx is the 

cell size, and N is the total number of first-layer neighbouring 
cells, which is equal to 8 in two dimensions and 26 in three 
dimensions.

The increment of solid fraction for the interface cells at 
each time step, ΔfS, is obtained by:

     * *
0/ 1S L L Lf C C C k      (13)

where CL is calculated from eq. (3) and CL
* is obtained based 

on eq. (4). When fS equals 1, the interface cell becomes a solid 
state, and its four neighbouring liquid become interface cells.

3. results and discussion

3.1 Solidification microstructure

The material used in this study was a u-5.5nb alloy (by 
mass percent). The depleted uranium and high-purity niobium 
were vacuum-induction melted into an ingot in a cylindrical 
graphite crucible with a protective coating. in order to improve 
the composition homogeneity, the u-5.5nb alloy ingot was 
re-melted at 1520°C for 30 min under vacuum and then cooled 
in the furnace. a thermocouple was positioned at the centre of 
the re-melt ingot (100 mm in diameter and 200 mm in height) 
to measure the temperature variation during the solidification 

process. Fig. 1 shows the photo of casting experiment. in order 
to investigate the as-cast microstructure of u-5.5nb alloy, metal-
lographic specimens were cut from the centre of the re-melted 
ingot. Metallographic investigation was carried out by optical 
microscopy (oM), and the chemical composition of examined 
microstructure was determined by using scanning electron mi-
croscopy (SeM) coupled with energy dispersive spectroscopy 
(eDS). The samples were cold mounted, mechanically polished, 
and electro-polished using 5% h3Po4 solution at 2-3 V for 2-3 s. 
electro-etching in 10% oxalic acid solution at 4-5 V for 3-5 s 
was used for final metallographic observation. 

The microstructure of the specimen after etching observed 
by oM and SeM is shown in Fig. 2, where the solidification 
microstructure displays an equiaxed dendritic structure. as can 
be seen in Fig. 2(a), the resistance to etching indicates that these 

Fig. 1. Photo of casting experiment

 

(a) (b) 

 
Fig. 2. The microstructure of the specimen after etching observed by oM (a) and SeM (b)
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first-formed regions are nb-enriched, and the brighter area of 
the grain is the primary γ-phase, which is the first to solidify. 
The solute concentration distribution in dendritic trunks and 
inter-dendritic regions was analysed by the eDS point meas-
urement. as shown in Fig. 2(b), 7 points are selected for eDS 
analysis, and the measured results are shown in TaBLe 1. The 
results shows that the concentration of nb in dendritic trunks 
and inter-dendritic regions are approximately 5.93-6.32 wt.% 
and 2.81-3.46 wt.%, respectively. From the u-nb phase diagram 
[21], it can be found that the nb concentration in the dendrite 
center should be equal to 11.0 wt.% (the partition ratio is as-
sumed: k0 = 2). The reason why nb concentration (in the middle 
of the primary phase) diminish from 11.0 wt.% to 5.9-6.3 wt.% 
is probably due to the back diffusion in the solid. according to 
research by Wołczyński et al. [22-27], solute redistribution is the 
result of both solute partitioning and the back diffusion. Moreo-
ver, the solute redistribution should be measured on the central 
section of the dendrite [22]. however, it is very difficult to cut 
the selected dendrite centrally, and it maybe cause the difference 
of chemical composition. nb distribution in different location of 
equiaxed dendrite will be explored in the future experiment. as 

can be seen in Fig. 2, there are inclusions (black spots) distrib-
uted at the γ grain boundary. Fig. 3 shows the morphology and 
composition of the inclusions of the specimen after polishing. 
The results show that the carbides are mostly uranium carbide. 

3.2. numerical simulation

The Ca model was used to predict the 2-D primary dendrite 
growth of the u-5.5nb alloy. The physical properties used for 
the simulation are listed in TaBLe 2. The computational domain 
was divided into a 600×600 square mesh with a mesh size of 
Δx = 1 μm. The cooling rate used in the solidification simula-
tion was obtained from the experimental cooling curve, and the 
average cooling rate was approximately 10 K/s. in the present 
simulation, the temperature and concentration of the liquid were 
assumed as uniform throughout the computational domain, and 
non-flux boundary conditions were incorporated in the com-
putational domain. as the solidification proceeds, the growing 
equiaxed dendrites absorb solute from its neighboring liquid 
units. Considering the fact that the mutual diffusion coefficients 
between the elements is much smaller compared with the self-
diffusion coefficients [28], hence, the mutual diffusion process 

 

 

(a) (b) 

 
Fig. 3. SeM morphology of inclusions (a) and eDS results (b) of points 1 and 2

TaBLe 1

The concentration of nb in dendritic trunks  
and inter-dendritic regions

measuring positions nb (wt. %)
Point 1  6.32
Point 2  3.46
Point 3  3.09
Point 4  5.93
Point 5  2.92
Point 6  5.94
Point 7  2.81

TaBLe 2

Properties of the u-5.5nb (wt. %) binary alloy used in simulations

Definition and symbol Value
Liquidus temperature TL (K) 1633

Liquidus slope mL (K·wt.%–1) 37.3
Liquid diffusion coefficient DL (m2·s–1) 1.05×10–9

Solid diffusion coefficient DS (m2·s–1) 3.14×10–10

Partition coefficient k0 2.0
Gibbs-Thomson coefficient Г (K·m) 1.9×10–7
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was neglected in the present model. Then the solute diffusion 
within the entire domain was calculated based on eq. (3). in ad-
dition, for the non-equilibrium solidification, micro-segregation 
with complete or finite back-diffusion model may be an effec-
tive method, which was proposed by Wołczyński [24], and the 
coupled model allowed to calculate the solute redistribution and 
the amount of eutectic precipitate.

Fig. 4(a,c,e) shows the evolution of simulated equiaxed 
dendrite morphologies during solidification, where the green 
area represents liquid. The other colour areas represent the 
γ-phase, where different colours represent γ grains with different 
crystallization orientations. Fig. 4(b,d,f) shows the simulated 
corresponding nb concentration. The nucleation, growth, and 
coarsening process of the γ -phase grains occurs with decreasing 
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Fig. 4. Simulated dendrite microstructures (a, c, and e) and corresponding nb concentrations (b, d, and f) of the u-5.5nb alloy during solidifica-
tion, where t = 1.9 s, 6.7 s, and 12.4 s, respectively
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temperature, and the dendrites grow continuously until they meet 
each other. upon successful transformation, the liquid between 
inter-dendritic regions and grain boundaries is separated into 
discrete liquid droplets in which the solute is poor, which leads 
to nb micro-segregation. Fig. 5 shows the nb concentration 
distribution along the centre line shown in Fig. 4(f). The regions 
where the nb concentration is approximately equal to 6.21 wt.% 
are areas where the liquid solidified first, while the nb concen-
tration of the last regions to solidify is as low as 2.54 wt.%. 
This is probably the reason why uranium carbides are mainly 
distributed in the inter-dendritic regions. The simulated morphol-
ogy and concentration distribution are close to the experimental 
results, and thus the simulated nb concentration distribution 
after solidification can be used for designing and optimizing 
heat treatments. in addition, the experimental measurement of 
the solute concentration is also an effective method to investigate 
the micro-segregation, such as, Wołczyński [26] proposed the 
measurement way of the Peclet Number can allow to work out 
some maps of alloying elements segregation.

Fig. 5. nb concentration distribution along the centre line of Fig. 4(f) 
at a solidifying time of 12.4 s

The Ca model was also applied to simulate the 3-D equiaxed 
dendrite growth of the u-5.5nb alloy. The computational domain 
was divided into a 200×200×200 square mesh with a mesh size 
of Δx =1 μm. Fig. 6 shows the evolution of the simulated 3-D 
dendrite morphology of the γ -phase during solidification. as 
shown in Fig. 6(a), nucleation occurs randomly in the calculation 
domain. The dendrite arms develop along the preferential growth 
orientations, and the dendrite morphology exhibits six-fold sym-
metry. along with dendrite growth, mechanical impingement of 
the dendritic tips also hinders the growth of the dendrite arms 
(Fig. 6(b) and Fig. 6(c)). Meanwhile, competitive growth and 
branching phenomena can be observed in the simulated results. 
The results show that the model is able to simulate the growth 
of multi-dendrites with various crystallographic orientations 
and reproduce various realistic microstructural features, such as 
coarsening, competition of primary trunks and secondary arms, 
and interactions among dendrites. 

4. conclusions

in this study, a modified Ca model was developed to 
simulate the formation and evolution of the primary phase in the 
u-5.5nb alloy during the solidification process. By using the 
model, the 2-D and 3-D equiaxed dendrite growth of the u-5.5nb 
alloy during solidification and the formation mechanism of nb 
micro-segregation were investigated.

upon successful transformation, the liquid between inter-
dendritic regions and grain boundaries is separated into discrete 
liquid droplets in which the solute is poor, which leads to nb 
micro-segregation. The regions where the nb concentration was 
approximately equal to 6.21 wt.% were areas of liquid which 
solidified first, while the nb concentrations of the regions which 
solidified last were as low as 2.54 wt.%. 

To validate the model, a u-5.5nb ingot was produced, and 
metallographic examination was carried out. The SeM/eDS 

(a) (b) (c) 

 

(a) (b) (c) 

 

(a) (b) (c) 

 

(a) (b) (c)
Fig. 6. Simulated evolution of 3-D multi-equiaxed dendrites in u-5.5nb alloy during solidification: (a) t = 1.9 s; (b) t = 6.7 s; and (c) t = 12.4 s
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analysis show that the concentrations of nb in dendritic trunks 
and inter-dendritic regions were approximately 5.93-6.32 and 
2.81-3.46 wt.%, respectively. The results show that the simu-
lated morphology and concentration distribution are close to the 
experimental results.

The overall study results show that the Ca model is able 
to simulate the growth of multi-dendrites with various crystal-
lographic orientations and to reproduce various realistic micro-
structural features, such as coarsening, competition of primary 
trunks and secondary arms, and interactions among dendrites.
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