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The Effect of Layer Thickness on the Reflectance of a Quasi One-Dimensional Composite Built 
with Zr55Cu30Ni5Al10 Amorphous Alloy and Epoxy Resin

The study examined the impact of the angle of incidence of mechanical waves on various types of quasi one-dimensional 
superlattice. Binary periodic structure, quasi-periodic distribution of Thue-Morse layers and Severin’s aperiodic multilayer were 
used. Using the concatenation and recursive rules, the distribution of layers was determined for individual structure types for 
generation numbers equal to 3, 4 and 5. The structures were selected so that the thickness of the composite was the same for each 
type of distribution for a given generation number value. Transfer Matrix Method algorithm was used to determine reflectance. 
The band structure of reflectance has been demonstrated for incidence angles up to 90 degrees at mechanical wave frequencies 
up to 50 kHz. The existence of wide bands of high reflectance above the acoustic frequencies was demonstrated for the analyzed 
structures. Increasing the layer thickness caused an inhomogeneous shifts of transmission peaks towards lower frequencies.
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1. Introduction

Acoustic mirrors have been called phononic constructions 
with high reflectance. In addition to materials with natural 
properties that reflect acoustic waves, structures (PnC phononic 
crystals) are increasingly being created in which waves with 
specific frequencies will not propagate. The phenomenon of 
the lack of wave propagation at given frequencies is called the 
occurrence of a phononic bandgap (PhBG). The band gap width 
depends on the crystal structure and the type of used materials. 
In addition, the position and bandwidth of the bandgap depend 
on the direction of propagation, because the path difference 
depends on the angle of incidence [1]. In some PnC structures, 
bandgaps occur for any propagation direction and are called full 
bandgaps. Over the past several years, many interesting studies 
have been conducted on the bandgap characteristic of phononic 
crystals [2-7]. In the review [8] Pennec et al. presented inter-
esting applications of two-dimensional phononic crystals. The 
work contains very extensive literature on PnC. PnC potential 
applications include acoustic diodes (Li et al. [9]), waveguides 
(Khelif et al. [10]), noise suppressors (Richards and Pines [11]), 
ultrasonic and polarizing filters (Kafesaki et al. [12 ]) or acous-
tic barriers (Sanchez-Perez et al. [13]). Many authors conduct 

research that focuses on PnC design to achieve an “appropriate” 
band gap. Some authors have attempted to design phononic crys-
tals in such a way as to suppress waves of a certain frequency 
(Alagoz et al. [14]). Still others tried to get a perfect reflection 
of the sound wave by obtaining an exceptionally wide bandgap 
(Bilal and Hussein [15]).

Many authors have studied the reflectance of phononic crys-
tals. An analysis of the reflectance of sonic crystals consisting of 
square arrays of rigid cylinders in air is presented in [16]. The 
article [17] presents structures characterized by a wide reflection 
range for ultrasonic mechanical waves. A lot of research in this 
area concerns acoustic screens built on the basis of phononic 
crystals [13,18]. Interesting studies on acoustic barriers were 
conducted by the authors of the paper [19]. In this article, the 
sound crystal barrier, enriched with rubber crumbs inside micro-
perforated cylindrical coatings, was characterized using standard 
measuring techniques in accordance with EN 1793-5 and EN 
1793-6. Based on EN 1793-6 Morandi et al. [20] characterized 
the acoustic barrier for which it was shown that the values of 
sound insulation index and reflection coefficient strongly depend 
on the measurement configuration.

In previous studies, the authors mostly analyzed the reflec-
tion and scattering of a mechanical wave incident on a phononic 
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crystal without taking into account the variable angle of incidence 
of the wave. Few works in this field are, for example, works [21 
and 22]. In [21], the authors examined sound transfer charac-
teristics in a single-layer acoustic mesh built using cells of the 
metamaterial unit. They confirmed that the interference of the 
wave depends on its frequency, which is highly dependent on the 
periodicity of the grid and the angle of incidence of the wave. In 
another work [22], angular control of incident sound waves was 
examined for total transmission and inverted reflection using pho-
non crystals. Based on changes in the position of the Dirac point, 
which regularly changes with the ratio of length to width of the 
rubber rods used in PnC, the transmission angle can be adjusted.

2. Materials and methods 

In this work, the reflection coefficient for three types of 
quasi one-dimensional structures with the same number of layers 
was examined. They were respectively: periodic – binary, quasi-
periodic – Thue-Morse and aperiodic – Severin. The influence of 
the mechanical wave angle of incidence on the existence of reflec-
tion bands in the range of sounds and ultrasounds was analyzed 
in detail. The Transfer Matrix Method (TMM) algorithm was 
used to analyze the wave reflectance in the examined structures.

2.1. Transfer Matrix Method

The TMM algorithm is widely used in physical modeling 
due to its speed. The TMM algorithm used allows mathematical 
description of the wave transmission and reflection coefficient 
through the multilayer medium. Each layer of such a medium 
(Fig. 1) has an infinite range in lateral directions. At the layer 
boundaries, wave propagation continuity conditions are taken 
into account. The mechanical wave falling on the structure is 
defined as pin

(+), the reflected wave is pin
(–), the wave passing 

through the structure is pout
(+). The di is the thickness of the xi layer.

The method used is very convenient because the mathemati-
cal description of the wave propagation in the layer is done by 
matrix multiplication, and the physical quantities of different 
media can be coupled through interface matrices. 

Using TMM can be determine the reflection and transmis-
sion coefficients of multilayer structures, which was proposed in 
their work by Dazel et al. [23]. For the analysis of three multilayer 
structures with a defect in the form of a piezoelectric layer, the 
TMM algorithm was used by Garus et al. [24]. Propagation 
of elastic waves in disordered multilayer structures made of two 
different materials was studied by Sigalas and Soukoulis [25] 
using TMM. In [26], the authors investigated (using TMM) the 
problem of acoustic wave propagation in a one-dimensional 
water channel containing many air blocks. Garus and Sochacki 
[27] based their research on TMM and FDTD algorithms, de-
termining power spectrum and phononic properties of Severin’s 
quasi one-dimensional aperiodic structure. The TMM method 
was also used by Pop and Cretu [28] to analyze the longitudinal 
propagation of 1D elastic wave by multilayer media to obtain 
equivalent split quaternion formalism. The paper [29] presents 
transmission in quasi-one-dimensional structures taking into 
account different angles of incidence of the wave.

Wave propagation in a multilayer medium is described by 
a differential equation
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where t is a time, p is the an acoustic wave pressure, and vi is 
a phase velocity in layer i. For a quasi one-dimensional structure, 
the solution to the above equation takes the form

   ( )i ijk x jk x j t j t
i i i ip A e B e e C x e       	 (2)

Coefficients Ai and Bi determine respectively the amplitude 
of the wave propagating with the incident wave direction and 
the amplitude of the wave propagating in the opposite direction. 
in a given layer i (where 1j    ). The wave vector ki depends 
on the phase velocity vi of the wave in the material of the layer i 
and the frequency f of the propagating wave
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i

i

fk
v


   	 (3)

Reflection coefficient R can be determined for lossless 
materials from the transmission coefficient T

 R = 1 – T	 (4)

Fig. 1. Multilayer structure in TMM algorithm
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where Zin is the acoustic impedance of the medium from which 
the wave penetrates the structure at an angle Θin to normal to the 
surface of the multilayer, while Zout is the acoustic impedance 
of the medium in which the wave propagates after leaving the 
structure at the angle of Θout.

The transmission T is determined from the characteris-
tic matrix Γ appearing in the matrix equation describing the 
propagation of a mechanical wave in a multilayer structure, 
where pin

+ represents incident wave, pin
– reflected and p+

out trans- 
mitted
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The characteristic matrix Γ is defined as
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The Pi matrix describing propagation in a single layer i for 
a given thickness di and is described as
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The transmission matrix Di is defined by
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and depends on the acoustic impedance Zi and the angle of wave 
propagation Θi in a given layer i.

2.2. Materials

The work analyzes structures made of lossless materials. 
Amorphous alloys are intensively studied due to their special 
properties (e.g. magnetic [30-32]), while their structure is im-
portant, due to which the mechanical wave propagates isotropi-
cally. Material A was an amorphous alloy Zr55Cu30Ni5Al10 with 
mechanical wave phase velocity equal to 1633 [m/s] and mass 
density equal to 6829 [kg·m–3] [33]. Epoxy resins were adopted 
as material B (density is 1180 [kg·m–3] and phase velocity 
2535 [m/s]) [34]. In the second considered case, epoxy resin 
was assigned to material A and amorphous alloy to material 
B. The external environment was water with a mass density of 
1000 [kg·m–3] and phase velocity 1480 [m/s] [34]. The materials 
were selected in such a way that they significantly differ in their 
acoustic impedance values. 

2.3. Analyzed structures

The study analyzes mechanical wave propagation in binary, 
aperiodic (Severin [35]) and quasi-periodic (Thue-Morse [36]) 
structures. The structures have been selected so that for a given 
generation number L = {3,4,5} they have the same number of 
layers, and the entire multilayer the same thickness. Thanks to 
this, only the influence of layer distribution is analyzed. The 
arrangement of layers in the structure of the periodic binary 
superlattice is determined by the concatenation rule

  
12LB

LX AB


   	 (10)

where for the next generation number L the initiation string 
X1

B = AB is repeated 2L–1 times. For generation numbers 
L = {3,4,5}, the distribution of layers is as follows

 X3
B = ABABABAB, X4

B = ABABABABABABABAB 

and

 X5
B = ABABABABABABABABABABABABABABABAB.

The other two layer distributions were created according 
to the recursive rule. For the Thue-Morse structure, the initial 
chain is X0

T–M = A while the next generations XL
T–M are created 

according to the relationship

 
A AB
B BA


 
 	 (11)

which gives accordingly

 X3
T–M = ABBABAAB, X4

T–M = ABBABAABBAABABBA

and 

 X5
T–M = ABBABAABBAABABBABAABABBAABBABAAB.

Whereas in Severin’s structure XL
S the initiation chain is X0

S = B 
and the recursive rule is defined as

 
A BB
B AB


 
 	 (12)

Generated Severin’s structures takes the form 

 X3
S = ABABBBAB, X4

S = BBABBBABABABBBAB

and 

 X5
S = ABABBBABABABBBABBBABBBABABABBBAB.

2.4. The surface impedance of the structure

The surface impedance of the structure [37], can be calcu-
lated by equation

 0 0
1
1S

RZ Z Z M
R


 


 	 (13)

Where Z0 is acoustic impedance of the external environment and 
R is a reflectance. In the analyzed structures, the reflectance in 
the band gaps frequency range is close to 1, which means that the 
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value of the fraction M increases significantly and the acoustic 
impedance value increases with it. Due to the large variation in 
the value of the M coefficient, the value of its decimal logarithm 
is given.

3. Results

The use of Transfer Matrix Method algorithm allowed to 
determine the reflectance of the analyzed structures where mate-
rial A was an amorphous alloy Zr55Cu30Ni5Al10 and material B 
was epoxy resin. Wave propagation in the frequency range up to 
50 kHz and the angle of incidence up to 90 degrees was studied. 
The results are collected in Figure 2. The maximum reflectance 
is marked in white on the charts, while the full transmission 
through the structure is marked by black.

As shown in Figure 2, there are large areas of high reflec-
tion for higher frequencies. However, for lower frequencies, 
the reflectance has a band structure. As the number of layers in-

creases, the number of low reflectance bands for low frequencies 
increases, while the half bandwidth decreases. Attention should 
be paid to the occurrence of narrow bands of low reflectance 
in the higher frequency range for structures in which there is 
no translational order of layers. In the binary structure, as the 
number of layers increased, the area of full reflectance decreased. 
For the 4th and 5th generation numbers in the Thue-Morse and 
Severin superlattices there were high reflectance bands in the 
acoustic frequency range.

In order to examine the influence of material selection for 
the structure on the reflectance of multilayers, tests were car-
ried out where material A was epoxy resin while material B was 
amorphous alloy. The results are collected in Figure 3. When 
changing materials, the reflectance structure for binary and 
Thue-Morse (for L equal to 3 and 5 – Figs 3d and 3f) superlat-
tice has not changed. The reflectance characteristics for the other 
structures showed changes.

Then, an analysis of the effect of layer thickness on re-
flectance was carried out. The X5

T–M structure was selected for 

Fig. 2. Reflectance plots when material A was an amorphous alloy Zr55Cu30Ni5Al10 and material B epoxy resin depending on the angle of incidence 
of the wave and frequency for structures: (a) X3

B; (b) X4
B; (c) X5

B; (d) X3
T–M; (e) X4

T–M; (f) X5
T–M; (g) X3

S; (h) X4
S; (i) X5

S
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Fig. 3. Reflectance plots when material A was epoxy resin and material B an amorphous alloy Zr55Cu30Ni5Al10 depending on the angle of incidence 
of the wave and frequency for structures: (a) X3

B; (b) X4
B; (c) X5

B; (d) X3
T–M; (e) X4

T–M; (f) X5
T–M; (g) X3

S; (h) X4
S; (i) X5

S

Fig. 4. Waterfall plot of X5
T–M with Θin = 45° showing how the reflectance is affected by the change in layer thickness of a given type: (a) layer A 

thickness change in the range from 10 mm to 20 mm in 1 mm increments, layer B with a constant thickness of 10 mm (b) layer B thickness change 
in the range from 10 mm to 20 mm in 1 mm increments, layer A with a constant thickness of 10 mm; (c) layer A and layer B thickness change in 
the range from 10 mm to 20 mm in 1 mm increments. The numbers 1 and 2 indicate the transmission peaks whose shifts have been analyzed
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analysis because the reflectance structure was independent of the 
assigned materials for the layers, the number of type A layers was 
the same as type B layers and showed a large number of narrow 
high transmission peaks. The analysis was performed for the 
angle Θin = 45°. Figure 4a shows how the change in the thickness 
of layer A (epoxy resin) affected the reflectance structure. As the 
A layers thickness value increased, the transmission peaks shifted 
towards lower frequencies. Similar transmission peak shifts oc-
curred when only increasing the thickness of layer B (Fig. 4b) and 
while increasing the thickness of both layers (Fig. 4c). Figure 5 
shows how the transmission peaks marked in Figure 4 shifts as 
the layer thickness increases, the colors listed in Figure 4 cor-
respond to the colors of the line in Figure 5. 

Figure 6 shows an exemplary reflectance spectrum of the 
X3

T–M structure for a mechanical wave incident at the Θin = 45° 
angle. It should be noted that for the band gap above 30 kHz, 
there is a sharp increase in the coefficient M in Equation 13, 
and thus also a sharp increase in the acoustic impedance of the 
surface of the structure under study. Figure 7 shows the values 
of the decimal logarithm of the M parameter, showing the pro-
portional increase in the value of the surface acoustic impedance 
of the analyzed structures in relation to the acoustic impedance 

of the medium. For each type of structure, an increase in the 
acoustic impedance of the surface was observed with the increase 
in the number of layers.

4. Discussion

The work analyzed mechanical wave reflectance in quasi 
one-dimensional phononic structures. binary structure showing 
periodic invariance, quasi-periodic Thue-Morse and Severin’s 
aperiodic structures. The band nature of reflectance has been 
demonstrated for all multilayers and the impact of the angle 
of incidence on transmission peak shifts. Increasing the number 
of layers caused an increase in the number of transmission peaks 
and a reduction in their half width. The aperiodic structure of the 
multilayers resulted in the formation of a forbidden gap at lower 
frequency values, although narrow peaks of high transmission in 
the higher frequency range were also formed then. The change 
of materials in the structure of the multilayer did not affect the 
reflectance in the periodic table, while it changed the nature of 
the reflectance for Severin superlattice. In the case of the distri-
bution of Thue-Morse layers, the change of materials affected 

Fig. 5. Transmission peak shifts with increasing layer thickness in the X5
T–M structure for the mechanical wave incident at Θin = 45°angle

Fig. 6. Reflectance (a) for the X3
T–M structure and the Θin = 45° angle of incidence and the corresponding value of the decimal logarithm of the 

coefficient M (b)
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the reflectance for L equal to 4, but no changes were observed 
for generation numbers 3 and 5. The nature of the reflectance 
distribution of the analyzed multilayers is complex, so it is rea-
sonable to use for designing structures with given properties the 
optimization algorithms (e.g. genetic algorithm).
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